
ECEN643 

Problem Solving Session 



Content 

There will be 5 problems. 

 

Problem 1-4 use the same system but utilize different methods to 

compare the process and results. 

 

Problem 5 is for better understanding the concepts of frequency. 



Problem 1 

There are four generators. Each generator either has full capacity of 50 

MW or 0 MW when failed. The failure rate of each generator is 0.1/day 

and mean repair time is 24 hours. 

 

 The daily load cycle: 

 

  Hours              Load (MW) 

   1-   4                   45 

   4-   8                  105 

   8- 12                  155 

 12- 16                  105 

 16- 24                   45 

 

Question: 

Build generation system model with unit addition algorithm. 



Problem 1 

For a single generator 

𝜆 = 0.1/𝑑𝑎𝑦, 𝜇 = 1/𝑑𝑎𝑦 
 

𝑝𝑢 =
𝜇

𝜆 + 𝜇
=
10

11
 

 

𝑝𝑑 =
𝜆

𝜆 + 𝜇
=
1

11
 

 

𝑓𝐺 =
𝜆𝜇

𝜆 + 𝜇
=
1

11
/𝑑𝑎𝑦 

  



Problem 1 

Try to build generation system model using unit addition method. 

 

We start with 0 generator scenario 

 

 

 

 

The next step is to add one generator, assume increment=50MW 

 

 

 

 

 

 

 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 0 = 𝑃1𝑝𝑢 + 𝑃1𝑝𝑑 = 𝑃1 = 1 
𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 0 = 𝐹1𝑝𝑢 + 𝐹1𝑝𝑑 = 𝐹1 = 0 

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 

0 0 1 0 

Cap out=0                              Cap out=50 

 

       0                                             50  



Problem 1 

 

 

 

 

 

 

 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 50 = 𝑃1𝑝𝑑 = 𝑝𝑑 =
1

11
 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 50 = 𝐹1𝑝𝑑 + 𝑓𝐺𝑃1 = 𝑓𝐺 =
1

11
 /𝑑𝑎𝑦 

Thus with one unit added to the system, we have 

 

 

 

 

 

Cap out=0                              Cap out=50 

 

       0                                             50  

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 

0 50 1 0 

50 0 1

11
 

1

11
 

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

0 0 1 0 



Problem 1 

Then the next step is to add 2nd generator into the system 

 

 

 

 

 

 

 

 

Similarly, we have 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 0 = 𝑃1𝑝𝑢 + 𝑃1𝑝𝑑 = 𝑃1 = 1 
𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 0 = 𝐹1𝑝𝑢 + 𝐹1𝑝𝑑 = 𝐹1 = 0 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 50 = 𝑃2𝑝𝑢 + 𝑃1𝑝𝑑 =
10

121
+
1

11
=
21

121
 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 50 = 𝐹2𝑝𝑢 + 𝐹1𝑝𝑑 + 𝑓𝐺 𝑃1 − 𝑃2 =
10

121
+ 0 +

10

121

=
20

121
 /𝑑𝑎𝑦 

 
 

 

 

 

 

 

Cap out=0                              Cap out=50 

 

       0                                             50 

      50                                           100  

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

0 50 1 0 

50 0 1

11
 

1

11
 



Problem 1 

Then the next step is to add 2nd generator into the system 

 

 

 

 

 

 

 

 

New cap out is 100MW 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 100 = 𝑃2𝑝𝑑 =
1

121
 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 100 = 𝐹2𝑝𝑑 + 𝑓𝐺𝑃2 =
1

121
+
1

121
=
2

121
/𝑑𝑎𝑦 

 

 

Cap out=0                              Cap out=50 

 

       0                                             50 

      50                                           100  

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

0 50 1 0 

50 0 1

11
 

1

11
 



Problem 1 

Then we could summarize the 2 generator system into a new table 

 

 

 

 

 

 

 

 

Then the next step is to add 3rd generator into the system  

 

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 

0 100 1 0 

50 50 21

121
 

20

121
 

100 0 1

121
 

2

121
 

Cap out=0                              Cap out=50 

 

       0                                             50 

      50                                           100  

     100                                          150 



Problem 1 

Then the next step is to add 3rd  generator into the system 

 

 

 

 

 

 

 

 

Similarly, we have 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 0 = 𝑃1𝑝𝑢 + 𝑃1𝑝𝑑 = 𝑃1 = 1 
𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 0 = 𝐹1𝑝𝑢 + 𝐹1𝑝𝑑 = 𝐹1 = 0 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 50 = 𝑃2𝑝𝑢 + 𝑃1𝑝𝑑 =
210

1331
+
1

11
=
331

1331
 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 50 = 𝐹2𝑝𝑢 + 𝐹1𝑝𝑑 + 𝑓𝐺 𝑃1 − 𝑃2 =
200

1331
+ 0 +

100

1331

=
300

1331
 /𝑑𝑎𝑦 

Cap out=0                              Cap out=50 

 

       0                                             50 

      50                                           100 

     100                                          150  

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 

0 100 1 0 

50 50 21

121
 

20

121
 

100 0 1

121
 

2

121
 



Problem 1 

Then the next step is to add 3rd  generator into the system 

 

 

 

 

 

 

 

 

Similarly, we have 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 100 = 𝑃3𝑝𝑢 + 𝑃2𝑝𝑑 =
10

1331
+
21

1331
=
31

1331
 

 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 100 = 𝐹3𝑝𝑢 + 𝐹2𝑝𝑑 + 𝑓𝐺 𝑃2 − 𝑃3 =
20

1331
+
20

1331
+
20

1331

=
60

1331
/𝑑𝑎𝑦 

Cap out=0                              Cap out=50 

 

       0                                             50 

      50                                           100 

     100                                          150  

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 

0 100 1 0 

50 50 21

121
 

20

121
 

100 0 1

121
 

2

121
 



Problem 1 

Then the next step is to add 3rd  generator into the system 

 

 

 

 

 

 

 

 

 

New cap out is 150MW 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 150 = 𝑃3𝑝𝑑 =
1

1331
 

 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 150 = 𝐹3𝑝𝑑 + 𝑓𝐺𝑃3 =
2

1331
+
1

1331
=
3

1331
/𝑑𝑎𝑦 

Cap out=0                              Cap out=50 

 

       0                                             50 

      50                                           100 

     100                                          150  

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 

0 100 1 0 

50 50 21

121
 

20

121
 

100 0 1

121
 

2

121
 



Problem 1 

Then we could summarize the 3 generator system into a new table 

 

 

 

 

 

 

 

 

 

 

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 

0 150 1 0 

50 100 331

1331
 

300

1331
 

100 50 31

1331
 

60

1331
 

150 0 1

1331
 

3

1331
 



Problem 1 

 

 

Then the last step is to add 4th generator to the system 

 

 

 

 

 

 

 

 

 

 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 0 = 𝑃1𝑝𝑢 + 𝑃1𝑝𝑑 = 𝑃1 = 1 
𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 0 = 𝐹1𝑝𝑢 + 𝐹1𝑝𝑑 = 𝐹1 = 0 

Cap out=0                              Cap out=50 

 

       0                                             50 

      50                                           100 

     100                                          150 

     150                                          200  

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

0 150 1 0 

50 100 331

1331
 

300

1331
 

100 50 31

1331
 

60

1331
 

150 0 1

1331
 

3

1331
 



Problem 1 

 

 

 

 

 

 

 

 

 

 

 

 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 50 = 𝑃2𝑝𝑢 + 𝑃1𝑝𝑑 =
3310

14641
+
1

11
=
4641

14641
 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 50 = 𝐹2𝑝𝑢 + 𝐹1𝑝𝑑 + 𝑓𝐺 𝑃1 − 𝑃2 =
3000

14641
+ 0 +

1000

14641

=
4000

14641
 /𝑑𝑎𝑦 

 

Cap out=0                              Cap out=50 

 

       0                                             50 

      50                                           100 

     100                                          150 

     150                                          200  

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

0 150 1 0 

50 100 331

1331
 

300

1331
 

100 50 31

1331
 

60

1331
 

150 0 1

1331
 

3

1331
 



Problem 1 

 

 

 

 

 

 

 

 

 

 

 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 100 = 𝑃3𝑝𝑢 + 𝑃2𝑝𝑑 =
310

14641
+
331

14641
=
641

14641
 

 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 100 = 𝐹3𝑝𝑢 + 𝐹2𝑝𝑑 + 𝑓𝐺 𝑃2 − 𝑃3 =
600

14641
+
300

14641
+
300

14641

=
1200

14641
/𝑑𝑎𝑦 

 

Cap out=0                              Cap out=50 

 

       0                                             50 

      50                                           100 

     100                                          150 

     150                                          200  

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

0 150 1 0 

50 100 331

1331
 

300

1331
 

100 50 31

1331
 

60

1331
 

150 0 1

1331
 

3

1331
 



Problem 1 

 

 

 

 

 

 

 

 

 

 

 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 150 = 𝑃4𝑝𝑢 + 𝑃3𝑝𝑑 =
10

14641
+
31

14641
=
41

14641
 

 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 150 = 𝐹4𝑝𝑢 + 𝐹3𝑝𝑑 + 𝑓𝐺(𝑃3−𝑃4) =
30

14641
+
60

14641
+
30

14641

=
120

14641
/𝑑𝑎𝑦 

 

Cap out=0                              Cap out=50 

 

       0                                             50 

      50                                           100 

     100                                          150 

     150                                          200  

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

0 150 1 0 

50 100 331

1331
 

300

1331
 

100 50 31

1331
 

60

1331
 

150 0 1

1331
 

3

1331
 



Problem 1 

 

 

 

 

 

 

 

 

 

 

 

 

New cap out is 200MW 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 200 = 𝑃4𝑝𝑑 =
1

14641
 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 200 = 𝐹4𝑝𝑑 + 𝑓𝐺𝑃4 =
3

14641
+
1

14641
=
4

14641
/𝑑𝑎𝑦 

 

Cap out=0                              Cap out=50 

 

       0                                             50 

      50                                           100 

     100                                          150 

     150                                          200  

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕
≥ 𝑿) 

0 150 1 0 

50 100 331

1331
 

300

1331
 

100 50 31

1331
 

60

1331
 

150 0 1

1331
 

3

1331
 



Problem 1 

Then we could summarize the 4 generator system into a new table 

 

 

 

 

 

 

 

 

 

 

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 

0 200 1 0 

50 150 4641

14641
 

4000

14641
 

100 100 641

14641
 

1200

14641
 

150 50 41

14641
 

120

14641
 

200 0 1

14641
 

4

14641
 



Problem 2 

There are four generators. Each generator either has full capacity of 50 

MW or 0 MW when failed. The failure rate of each generator is 0.1/day 

and mean repair time is 24 hours. 

 

 The daily load cycle: 

 

  Hours              Load (MW) 

   1-   4                   45 

   4-   8                  105 

   8- 12                  155 

 12- 16                  105 

 16- 24                   45 

 

Question: 

Build generation system model in Markov approach 



Problem 2 

For a single generator 

𝜆 = 0.1/𝑑𝑎𝑦, 𝜇 = 1/𝑑𝑎𝑦 
 

𝑝𝑢 =
𝜇

𝜆 + 𝜇
=
10

11
 

 

𝑝𝑑 =
𝜆

𝜆 + 𝜇
=
1

11
 

 

𝑓𝐺 =
𝜆𝜇

𝜆 + 𝜇
=
1

11
/𝑑𝑎𝑦 



Problem 2 

Since we have four 2-state generators, if we write out all the states, there 

will be 24 = 16 states in the state space. 

 

Then merge all the states with same generation capacity, we will have 5 

states 

 

State 1: 4 generators up, 200MW 

State 2: 3 generators up, 150MW 

State 3: 2 generators up, 100MW 

State 4: 1 generators up, 50MW 

State 5: 0 generators up, 0MW 

 

 

 



Problem 2 

 

 

State 1 

200MW  

State 2 

150MW  

State 3 

100MW  

State 4 

50MW  

State 5 

0MW  

4𝜆 

𝜇 

3𝜆 

2𝜆 

𝜆 

2𝜇 

3𝜇 

4𝜇 



Problem 2 

With transition diagram in previous page, it is possible to find every 

probability and frequency. 

 

Here, we obtain the same values in problem 1 as a comparison between 

Markov approach and unit addition algorithm. 

 

Firstly calculate probability of each state 

 

𝑃4𝑢 = 𝑝𝑢
4 = (
10

11
)4=
10000

14641
 

𝑃3𝑢 =
4
3
𝑝𝑢
3𝑝𝑑 = 4(

10

11
)3
1

11
=
4000

14641
 

𝑃2𝑢 =
4
2
𝑝𝑢
2𝑝𝑑
2 = 6(

10

11
)2(
1

11
)2=
600

14641
 

𝑃1𝑢 =
4
1
𝑝𝑢𝑝𝑑

3 = 4
10

11
(
1

11
)3=

40

14641
 

𝑃0𝑢 = 𝑝𝑑
4 = (
1

11
)4=

1

14641
 



Problem 2 

 

 

State 1 

200MW  

State 2 

150MW  

State 3 

100MW  

State 4 

50MW  

State 5 

0MW  

4𝜆 

𝜇 

3𝜆 

2𝜆 

𝜆 

2𝜇 

3𝜇 

4𝜇 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 0 = 1 
𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 0 = 0 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 50 = 1 − 𝑃4𝑢 = 1 −
10000

14641
=
4641

14641
 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 50 = 𝑃4𝑢 ∗ 4𝜆 =
10000

14641
∗
4

10
=
4000

14641
 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 100 = 1 − 𝑃4𝑢 − 𝑃3𝑢

= 1 −
10000

14641
−
4000

14641
=
641

14641
 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 100 = 𝑃3𝑢 ∗ 3𝜆 =
4000

14641
∗
3

10
=
1200

14641
 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 150 = 𝑃1𝑢 + 𝑃0𝑢 =
41

14641
 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 150 = 𝑃2𝑢 ∗ 2𝜆 =
600

14641
∗
2

10
=
120

14641
 

𝑃 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 200 = 𝑃0𝑢 =
1

14641
 

𝐹 𝐶𝑎𝑝 𝑜𝑢𝑡 ≥ 200 = 𝑃1𝑢 ∗ 𝜆 =
40

14641
∗
1

10
=
4

14641
 

 



Problem 1&2 Comparison 

It can be observed that Markov approach and unit addition method arrived 

at the same results. 

 

• Markov approach is straight forward and easy to understand, but when 

it comes to actual system with large number of components, this 

method require tremendous computation time and efforts. 

 

• Unit addition method is widely used in computer software, which could 

be easily adapted to large system.  



Problem 3 

There are four generators. Each generator either has full capacity of 50 

MW or 0 MW when failed. The failure rate of each generator is 0.1/day 

and mean repair time is 24 hours. 

 

 The daily load cycle: 

 

  Hours              Load (MW) 

   1-   4                   45 

   4-   8                  105 

   8- 12                  155 

 12- 16                  105 

 16- 24                   45 

 

Question: 

Using conditional probability approach, obtain HLOLE and frequency of 

loss of load on a yearly basis. 



Problem 3 

𝐻𝐿𝑂𝐿𝐸 = 𝐿𝑂𝐿𝑃 ∗ 8760 (𝑕𝑟𝑠) 
In order to find the LOLP, build load model with 3 states 

 Hours      Load (MW) 

   1-   4                     45 

   4-   8                   105 

   8- 12                   155 

 12- 16                  105 

 16- 24                    45 

State 1: Load=45 MW, 𝑝1 =
1

2
 

State 2: Load=105 MW, 𝑝2 =
1

3
 

State 3: Load=155 MW, 𝑝3 =
1

6
 

Also 

𝑓12 = 1/𝑑𝑎𝑦 
𝑓23 = 1/𝑑𝑎𝑦 
𝑓13 = 0/𝑑𝑎𝑦 



Problem 3 

Using conditional probability approach to find LOLP  
 

 

 

 

 

 

 

 

0 

50 

100 

150 

200 

0 

50 

100 

150 

200 

0 

50 

100 

150 

200 

1 2 3 
𝑓12 = 1 𝑓23 = 1 

𝐿𝑑 = 45 𝐿𝑑 = 105 𝐿𝑑 = 155 



Problem 3 

𝐿𝑂𝐿𝑃 = 𝑃5𝑝1 + 𝑃3𝑝2 + 𝑃2𝑝3 =
1

29282
+
641

43923
+
4641

87846
=
193

2861
 

𝐻𝐿𝑂𝐿𝐸 = 𝐿𝑂𝐿𝑃 ∗ 8760 ≈ 590.94 (𝑕𝑟𝑠) 

0 

50 

100 

150 
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Problem 3 

𝐹𝐹 = 𝐹5𝑝1 + 𝐹3𝑝2 + 𝐹2𝑝3 + 𝑓12 𝑃3 − 𝑃5 + 𝑓23 𝑃2 − 𝑃3 =
1337

3429
/𝑑𝑎𝑦

≈ 0.3899/𝑑𝑎𝑦 = 142.317/𝑦𝑒𝑎𝑟 
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Problem 4 

There are four generators. Each generator either has full capacity of 50 

MW or 0 MW when failed. The failure rate of each generator is 0.1/day 

and mean repair time is 24 hours. 

 

 The daily load cycle: 

 

  Hours              Load (MW) 

   1-   4                   45 

   4-   8                  105 

   8- 12                  155 

 12- 16                  105 

 16- 24                   45 

 

Question: 

Using generation reserve model, obtain HLOLE and frequency of loss of 

load on a yearly basis. 



Problem 4 

𝐻𝐿𝑂𝐿𝐸 = 𝐿𝑂𝐿𝑃 ∗ 8760 (𝑕𝑟𝑠) 
 

In order to find the LOLP with generation reserve model, build load model 

in a cumulative way, similar with generation model 

 

 
Load 𝑷𝒍(𝐋𝐨𝐚𝐝 ≥ 𝑿) 𝑭𝒍(𝐋𝐨𝐚𝐝 ≥ 𝑿) 
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Problem 4 

With generation model and load model, we could construct generation 

reserve model 

 

 

                 Load 

Capacity 

155 105 45 

200 45 95 155 

150 -5 45 105 

100 -55 -5 55 

50 -105 -55 5 

0 -155 -105 -45 



Problem 4 

To find LOLP, calculate probability of 𝑚𝑎𝑟𝑔𝑖𝑛 ≤ −5𝑀𝑊 

 

 

                 Load 

Capacity 155 105 45 

200 45 95 155 

150 -5 45 105 

100 -55 -5 55 

50 -105 -55 5 

0 -155 -105 -45 

P M = 𝑃𝑖 − 𝑃𝑖+1

𝑚

𝑖=1

𝑃𝑙(𝐶 − 𝐶𝑖 −𝑀) 



Problem 4 

                 

Load 

Capacity 

155 105 45 

200 45 95 155 

150 -5 45 105 

100 -55 -5 55 

50 -105 -55 5 

0 -155 -105 -45 

P −5 = 𝑃𝑖 − 𝑃𝑖+1

5

𝑖=1

𝑃𝑙(𝐶 − 𝐶𝑖 + 5) 

When i=1 

𝑃𝑖 − 𝑃𝑖+1 𝑃𝑙(200 − 𝐶𝑖 + 5) = 𝑃1 − 𝑃2 𝑃𝑙(200 − 0 + 5) 
Since 𝑃𝑙 205 = 0 

𝑃1 − 𝑃2 𝑃𝑙 205 = 0 
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Load 𝑷𝒍(𝐋𝐨𝐚𝐝 ≥ 𝑿) 𝑭𝒍(𝐋𝐨𝐚𝐝 ≥ 𝑿) 
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Problem 4 

                 

Load 

Capacity 

155 105 45 

200 45 95 155 

150 -5 45 105 

100 -55 -5 55 

50 -105 -55 5 

0 -155 -105 -45 

P −5 = 𝑃2 − 𝑃3 𝑃𝑙 155 + 𝑃3 − 𝑃4 𝑃𝑙 105 + 𝑃4 − 𝑃5 𝑃𝑙 55 + 𝑃5 𝑃𝑙 5  
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=
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= 𝐿𝑂𝐿𝑃 

𝐻𝐿𝑂𝐿𝐸 = 𝐿𝑂𝐿𝑃 ∗ 8760 ≈ 590.94 (𝑕𝑟𝑠) 
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Load 𝑷𝒍(𝐋𝐨𝐚𝐝 ≥ 𝑿) 𝑭𝒍(𝐋𝐨𝐚𝐝 ≥ 𝑿) 
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Problem 4 

To find FF, calculate frequency of 𝑚𝑎𝑟𝑔𝑖𝑛 ≤ −5𝑀𝑊 

 

                  Load 

Capacity 155 105 45 

200 45 95 155 

150 -5 45 105 

100 -55 -5 55 

50 -105 -55 5 

0 -155 -105 -45 

F M = F𝑔 M + F𝑙(M) 

F𝑔 M = 𝐹𝑖 − 𝐹𝑖+1

𝑚
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𝑃𝑙(𝐶 − 𝐶𝑖 −𝑀) 
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𝑚

𝑖=1

𝐹𝑙(𝐶 − 𝐶𝑖 −𝑀) 



Problem 4 

                 

Load 

Capacity 

155 105 45 

200 45 95 155 

150 -5 45 105 

100 -55 -5 55 

50 -105 -55 5 

0 -155 -105 -45 

F𝑔 −5 = 𝐹𝑖 − 𝐹𝑖+1

5
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𝑃𝑙(𝐶 − 𝐶𝑖 + 5) 

When i=1 

𝐹𝑖 − 𝐹𝑖+1 𝑃𝑙(200 − 𝐶𝑖 + 5) = 𝐹1 − 𝐹2 𝑃𝑙(200 − 0 + 5) 
Since 𝑃𝑙 205 = 0 

𝐹1 − 𝐹2 𝑃𝑙 205 = 0 
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Problem 4 

                 

Load 

Capacity 

155 105 45 

200 45 95 155 

150 -5 45 105 

100 -55 -5 55 

50 -105 -55 5 

0 -155 -105 -45 

F𝑔 −5 = 𝐹2 − 𝐹3 𝑃𝑙 155 + 𝐹3 − 𝐹4 𝑃𝑙 105 + 𝐹4 − 𝐹5 𝑃𝑙 55 + 𝐹5 𝑃𝑙 5  

=
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Load 𝑷𝒍(𝐋𝐨𝐚𝐝 ≥ 𝑿) 𝑭𝒍(𝐋𝐨𝐚𝐝 ≥ 𝑿) 
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Problem 4 

                 

Load 

Capacity 

155 105 45 

200 45 95 155 

150 -5 45 105 

100 -55 -5 55 

50 -105 -55 5 

0 -155 -105 -45 

F𝑙 −5 = 𝑃𝑖 − 𝑃𝑖+1

5

𝑖=1

𝐹𝑙(200 − 𝐶𝑖 + 5) 

When i=1 

𝑃𝑖 − 𝑃𝑖+1 𝐹𝑙(200 − 𝐶𝑖 + 5) = 𝑃1 − 𝑃2 𝐹𝑙(200 − 0 + 5) 
Since 𝐹𝑙 205 = 0 

𝑃1 − 𝑃2 𝐹𝑙 205 = 0 
 

Cap out Capacity 𝑷(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 𝑭(𝑪𝒂𝒑 𝒐𝒖𝒕 ≥ 𝑿) 
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45 1 0 

105 1

2
 

1 

155 1

6
 

1 



Problem 4 

                 

Load 

Capacity 

155 105 45 

200 45 95 155 

150 -5 45 105 

100 -55 -5 55 

50 -105 -55 5 

0 -155 -105 -45 

F𝑙 −5 = 𝑃2 − 𝑃3 𝐹𝑙 155 + 𝑃3 − 𝑃4 𝐹𝑙 105 + 𝑃4 − 𝑃5 𝐹𝑙 55 + 𝑃5 𝐹𝑙 5  

=
4641

14641
−
641

14641
1 +
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14641
−
41
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1 +
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−
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1 +
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=
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Problem 4 

To find FF, calculate frequency of 𝑚𝑎𝑟𝑔𝑖𝑛 ≤ −5𝑀𝑊 

 

                  Load 

Capacity 155 105 45 

200 45 95 155 

150 -5 45 105 

100 -55 -5 55 

50 -105 -55 5 

0 -155 -105 -45 

F −5 = F𝑔 −5 + F𝑙 −5 =
1337

3429
/day ≈ 0.3899/𝑑𝑎𝑦 = 142.317/𝑦𝑒𝑎𝑟 

 



Problem 3&4 Comparison 

It can be observed that conditional probability approach and generation 

reserve model arrived at the same results. 

 

• Conditional probability approach is more straightforward for hand 

calculation, while generation reserve model is easy to adapt with 

computer computation 

 

• This problem solving session is also a demonstration of how to use 

generation reserve model 



Problem 5 

There one generators with full capacity of 50 MW and 0 MW when failed, 

its failure rate is 0.1/day and mean repair time is 24 hours. Assume 

generator was in up state at t=0 

 

  Find: 

 

1. Frequency of failure’s function with time 

2. Frequency of repair’s function with time 



Problem 5 

For the generator 

𝜆 = 0.1/𝑑𝑎𝑦, 𝜇 = 1/𝑑𝑎𝑦 
 

𝑝𝑢 𝑡 =
𝜇

𝜆 + 𝜇
+
𝜆

𝜆 + 𝜇
𝑒− 𝜆+𝜇 𝑡 

 

𝑝𝑑 𝑡 =
𝜆

𝜆 + 𝜇
−
𝜆

𝜆 + 𝜇
𝑒− 𝜆+𝜇 𝑡 

 Then for frequency of failure 

𝑓𝑓 𝑡 = 𝑝𝑢 𝑡 𝜆 =
𝜆𝜇

𝜆 + 𝜇
+
𝜆2

𝜆 + 𝜇
𝑒− 𝜆+𝜇 𝑡 

For frequency of repair 

𝑓𝑟 𝑡 = 𝑝𝑑 𝑡 𝜇 =
𝜆𝜇

𝜆 + 𝜇
−
𝜆𝜇

𝜆 + 𝜇
𝑒− 𝜆+𝜇 𝑡 



Problem 5 

The idea is to show that frequency balance is only valid when it reaches 

steady state 

0 1 2 3 4 5 6 7 8 9 10
0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

time (day)

fr
e
q
u
e
n
c
y
 (

/d
a
y
)

 

 

frequency of failure

frequency of repair



Thank you! 


